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REGULARIZED OPTIMAL TRANSPORT

» Consider the optimal transport duality

max Ty Pxy = min Pxux + gy V.
reM(P,Q) 2 Y = ety > Dy, S Z yezy v

> Now let's assume that we are adding an entropy to the primal objective
function. For any ¢ > 0, we get

max any w — ) Ty In 7Ty

neM(P,Q) Xy
—Ux —Vy, — 0O
= m|n Z Px Ux + Z quy—l—UZexp( xy x y )
WY vex yey o

» The latter problem is an unconstrained convex optimization problem.
But the most efficient numerical computation technique is often
coordinate descent, i.e. alternate between minimization in u and
minimization in v.
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ITERATED FITTING

» Maximize wrt to u yields

e ux/0 — l;x
Y, exp (%‘W’)
and wrt v yields
e Ww/o _ qy

Dy —vy—
Y, exp (%y")

> It is called the “iterated projection fitting procedure” (ipfp), aka
“matrix scaling”, “RAS algorithm”, “Sinkhorn-Knopp algorithm”,
“Kruithof’s method", “Furness procedure”, “biproportional fitting
procedure”, “Bregman’s procedure”. See survey in Idel (2016).

» Maybe the most often reinvented algorithm in applied mathematics.
Recently rediscovered in a machine learning context.
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ECONOMETRICS OF MATCHING

» The goal is to estimate the matching surplus ®,,. For this, take a
linear parameterization

B al k
(I)Xy = Z ﬁkgbxy'
k=1

» Following Choo and Siow (2006), G and Salanié (2017) introduce logit
heterogeneity in individual preferences and show that the equilibrium
now maximizes the regularized Monge-Kantorovich problem

W(’B):ne/\n)taéo any ey szy;nxylnnxy

» By duality, W (B) can be expressed

Cbﬁ —Ux—Vy — 0O
p) = min prux+2quy+UZexp< T )
X

Xy

and w.l.o.g. can set ¢ = 1 and drop the additive constant —¢ in the
exp.
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ESTIMATION

» We observe the actual matching 7t,,. Note that
BW/aﬁk =Yy nxyqb)’jy, hence:

THEOREM (DUPUY AND G)

B is estimated by running

tsnvi?gszux + ZCIyVy + ZGXP (CIDE}, — Ux — Vy) - Z ﬁXyﬁk(P)I:y (1)
VB v

4 xy,k

which is a convex optimization problem.

» This is actually the objective function of the log-likelihood in a Poisson
regression with x and y fixed effects, where we assume

K
Ttxy |xy ~ Poisson <exp (Z B, — ux — vy>> :

k=1
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POISSON REGRESSION WITH FIXED EFFECTS

> Let 0 = (B,u,v) and Z = (¢, D*, D) where D}, , = 1{x = x'} and

DY
x'y
My, (Z;0) = exp (87Z,,) be the parameter of the Poisson distribution.

, =1{y = y'} are x-and y-dummies. Let

» The conditional likelihood of 7T, given Z,, is

Iy (Ftxy: 0) = Ttxy log myy (Z;0) — my, (Z;0)
=ty (07Z,) —exp (07Z,)

K K
= ﬁXy <Z ﬁk()b)l;y — Ux — Vy) — exp (Z ﬁk(P)l:y — Ux — Vy)
k=1 k=1

» Summing over x and y, the sample log-likelihood is

K K
Zﬁxy I(Xllﬁk%l:y *ZPXUX *quvy —Zexp (Z ,Bkaf:y — Ux — Vy)
= X y

xy xy k=1

hence we recover objective function (1).
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FROM POISSON TO PSEUDO-POISSON

> If 7T, |xy is Poisson, then E 7., | = my, (Zy,;0) = Var (71,,). While
it makes sense to assume the former equality, the latter is a rather
strong assumption.

» For estimation purposes, 6 is obtained by

meaxZ/(ﬁXy;G) =) (7 (07Z) —exp (67Zy))
Xy xy

however, for inference purposes, one shall not assume the Poisson
distribution. Instead

VN (6 —0) = (A0) " By (Ag)
where N = |X| x |Y| and Ag and By are estimated by

Ag = N"1Y Dyl (Fryi0) = N1Y exp (072,) Zoy Z],

Xy Xy
Bo = N"1Y (frny —exp (07Z))% Zo 21,
xy
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APPLICATION: ESTIMATION OF AFFINITY MATRIX

» Dupuy and G (2014) focus on cross-dimensional interactions
A
(ny = EquC)'?C(;
pP.q

where they call A an “affinity matrix”. They estimate A on a dataset of
married individuals where the “big 5" personality traits are measured.

> A is estimated by

Y PxUx + Zy Cly Vy
Sm,|7? m%in + ny €Xp (Zp q pqugy - VY)
" nypqnxy PQ‘:XCY

» Dupuy, G and Sun (2016) consider the case when the space of
characteristics is high-dimensional.
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ESTIMATION OF AFFINITY

TRIX: RESULTS

TABLE: Affinity matrix. Source: Dupuy and G (2014).

Wives Education Height. BMI  Health Consc. Extra. Agree. Emotio. Auto. Risk
Husbands

Education 0.46 0.00 -0.06 0.01 -0.02 0.03 -0.01 -0.03 0.04 0.01
Height 0.04 0.21 0.04 0.03 -0.06 0.03 0.02 0.00 -0.01 0.02
BMI -0.03 0.03 0.21 0.01 0.03 0.00 -0.05 0.02 0.01 -0.02
Health -0.02 0.02 -0.04 0.17 -0.04 0.02 -0.01 0.01 -0.00 0.03
Conscienciousness -0.07 -0.01 0.07  -0.00 0.16 0.05 0.04 0.06 0.01 0.01
Extraversion 0.00 -0.01 0.00 0.01 -0.06 0.08 -0.04 -0.01 0.02 -0.06
Agreeableness 0.01 0.01  -0.06 0.02 0.10 -0.11 0.00 0.07 -0.07 -0.05
Emotional 0.03 -0.01 0.04 0.06 0.19 0.04 0.01 -0.04 0.08 0.05
Autonomy 0.03 0.02 0.01 0.02 -0.09 0.09 -0.04 0.02 -0.10 0.03
Risk 0.03 -0.01 -0.03 -0.01 0.00 -0.02 -0.03 -0.03 0.08 0.14

Note: Bold coefficients are significant at the 5 percent level.
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LINK WITH THE GRAVITY EQUATION IN INTERNATIONAL TRADE

“Structural gravity equation” (Anderson and van Wincoop, 2003) as
reviewed in Head and Mayer (2014) handbook chapter:

Y: X
Xni = — Jq)ni
O Y,
=
Si Mn
where n=importer, i=exporter, X,;=trade flow from i to n,
Y; = Y, Xpi is value of production, X, = Y_; X,,; is importers’
expenditures, and ¢,;=bilateral accessibility of n to i.

» (); and ¥, are “multilateral resistances”, satisfying the set of implicit

equations
DY
Yo=Y M and Q) = Z

1

®I'IIXI‘I

» These are exactly the same equations as those of the regularized OT.
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EXPLAINING TRADE

» Parameterize @,; = exp (Zszl ﬁkDI’f,-), where the D,’j,- are K pairwise
measures of distance between n and i. We have

K
k
Xni = €xp 2 ,Bani — S5 — Mmp
k=1

where fixed effects s; = —In S; and m, = — In M, are adjusted by

Y Xpi=Yjand ) Xni = Xi.
i n

» Standard choices of D,’j,-'s:

> logarithm of bilateral distance between n and i

> indicator of contiguous borders; of common official language; of colonial
ties

> trade policy variables: presence of a regional trade agreement; tariffs

> could include many other measures of proximity, e.g. measure of
genetic/cultural distance, intensity of communications, etc.
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